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RING THEORETIC ASPECTS OF QUANDLES
MOHAMED ELHAMDADI, NERANGA FERNANDO, AND BORIS TSVELIKHOVSKIY
ABSTRACT. We associate to every quandle X and an associative ring with unity k, a nonas-
sociative ring k[X] following [3]. The basic properties of such rings are investigated. In
particular, under the assumption that the inner automorphism group Inn(X) acts orbit 2-
transitively on X, a complete description of right (or left) ideals is provided. The complete
description of right ideals for the dihedral quandles Rn is given. It is also shown that if for
two quandles X and Y the inner automorphism groups act 2-transitively and k[X] is isomor-
phic to k[Y], then the quandles are of the same partition type. However, we provide examples
when the quandle rings k[X] and k[Y] are isomorphic, but the quandles X and Y are not
isomorphic. These examples answer some open problems in [3].
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1. INTRODUCTION
Quandles are generally non-associative algebraic structures (the exception being the triv-
ial quandles). They were introduced independently in the 1980’s by Joyce [14] and Matveev
[19] with the purpose of constructing invariants of knots in the three space and knotted sur-
faces in four space. However, the notion of a quandle can be traced back to the 1940’s in
the work of Mituhisa Takasaki [26]. The three axioms of a quandle algebraically encode the
three Reidemeister moves in classical knot theory. For a recent treatment of quandles (see
[10]). Joyce and Matveev introduced the notion of the fundamental quandle of a knot and
gave a theorem that brings the problem of equivalence of knots to the problem of the quandle
isomorphism of their fundamental quandles. Precisely, two knots K1 and K2 are equivalent
(up to reverse and mirror image) if and only if the fundamental quandles Q(K1) and Q(K2)
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are isomorphic. But determining isomorphism classes of quandles is a difficult task in gen-
eral. Thus the need of restricting oneself to some specific families of quandles such as con-
nected quandles (called also indecomposable), medial and Alexander quandles. Recall that
the fundamental quandles of knots are connected. Recently, there has been investigations
of quandles from algebraic point of views and their relations to other algebraic structures
such as Lie algebras [5, 6], Leibniz algebras [15, 16], Frobenius algebras and Yang-Baxter
equation [7], Hopf algebras [2, 6], transitive groups [28], quasigroups and Moufang loops
[11], ring theory [3] etc. This article will add to this list since we introduce new concepts
motivated by ring theory to the theory of quandles. We follow [3] and we associate to every
quandle (X, ⊲) and an associative ring k with unity, a nonassociative ring k[X]. Precisely, let
k[X] be the set of elements that are uniquely expressible in the form
∑
x∈X axx, where x ∈ X
and ax = 0 for almost all x. Then the set k[X] becomes a ring with the natural addition and
the multiplication given by the following, where x, y ∈ X and ax, ay ∈ k,
(
∑
x∈X
axx) · (
∑
y∈X
byy) =
∑
x,y∈X
axby(x ⊲ y).
Linearization of quandles appeared in the work on categorical groups and other notions of
categorification in [5] and [6], where self-distributive structures in the categories of coal-
gebras, cocommutative coalgebras and Hopf algebras were studied. Precisely, in studying
self-distributivity maps in coalgebras, the authors of [5] gave a broad examples with a focus
on the case of k⊕ k[X] with the multiplication
(a+
∑
x∈X
axx) · (b+
∑
y∈X
byy) =
∑
y∈X
aby +
∑
x,y∈X
axby(x ⊲ y).
In [3], the authors showed that the ring k[X] gives interesting information on the quandle
X. In this article we investigate the basic properties of quandle rings and also solve some
of the open problems stated in [3]. In particular, under the assumption that the inner auto-
morphism group Inn(X) acts orbit 2-transitively on the quandle X and the ring k is a field
of characteristic zero (or a certain semigroup Hx acts 2-transitively on X) a complete de-
scription of right (or left) ideals is provided. The corresponding results for fields of positive
characteristic are given in Corollary 4.12. The complete description of right ideals of k[Rn],
where Rn is the dihedral quandle of order n, is given. It is also shown that the rings k[X]
are Noetherian, when the quandle X is finite and the ring k is Noetherian. We also give an
example of a quandle X with k[X] not Noetherian. These rings are, in general, not domains
and neither every right nor left ideal is principal. It is also shown that if for two quandles X
and Y the inner automorphism groups act 2-transitively and k[X] is isomorphic to k[Y] (here
k is a field of char = 0), then the quandles are of the same partition type. However, we
provide examples when the quandle rings k[X] and k[Y] are isomorphic, but the quandles X
and Y are not isomorphic with k) being a field of any charcteristic.
The following is the organization of the article. In Section 2, we recall the basics of quan-
dles with examples. In Section 3, we investigate an open question raised in [3] concerning
the power associativity of non-trivial quandles. Precisely, we prove that quandle rings are
never power associative when the quandle is non-trivial and char(k) 6= 2, 3.
Section 4 deals with various properties of quandle rings. We show that for a Noetherian
ring k and a finite quandle X, the quandle ring k[X] is both left and right Noetherian ring.
We also give, for any positive integer n and k = R or C, the complete list of simple right
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ideals of the quandle ring k[Rn]. In section 5, we investigate the problem of isomorphisms
of quandle rings. We introduce the notion of partition type of quandles and show that if the
quandle rings k[X] and k[Y] are isomorphic and the quandles X and Y are orbit 2-transitive,
then X and Y are of the same partition type. Section 6 deals with the augmentation ideals of
quandle rings. Precisely we give a solution to conjecture 6.5 in [3].
Throughout the paper, k always denotes a ring unless specified otherwise. Also, quandle
operation and ring operation are denoted by ⊲ and ·, respectively.
2. REVIEW OF QUANDLES
We start this section by giving the basics of quandles with examples.
Definition 2.1. A quandle, X, is a set with a binary operation (a, b) 7→ a ⊲ b such that
(I) For any a ∈ X, a ⊲ a = a.
(II) For any a, b ∈ X, there is a unique c ∈ X such that a = c ⊲ b.
(III) For any a, b, c ∈ X, we have (a ⊲ b) ⊲ c = (a ⊲ c) ⊲ (b ⊲ c).
A quandle (X, ⊲) is said to be commutative if a ⊲ b = b ⊲ a, ∀a, b ∈ X.
A rack is a set with a binary operation that satisfies (II) and (III). Racks and quandles have
been studied extensively in, for example, [14, 19]. For more details on racks and quandles
see the book [10].
The following are typical examples of quandles:
• Let X be a non empty set. The binary operation a ⊲ b = a, ∀a, b ∈ X, defines a
quandle operation on X called trivial quandle.
• A group G with conjugation as the quandle operation: a ⊲ b = b−1ab, denoted by
X = Conj(G), is a quandle.
• Any subset of G that is closed under such conjugation is also a quandle. More gen-
erally if G is a group, H is a subgroup, and σ is an automorphism that fixes the
elements of H (i.e. σ(h) = h ∀h ∈ H), then G/H is a quandle with ⊲ defined by
Ha ⊲Hb = Hσ(ab−1)b.
• Any Z[t, t−1]-moduleM is a quandle with a ⊲b = ta+(1− t)b, for a, b ∈M, and
is called an Alexander quandle.
• Let n be a positive integer, and for elements i, j ∈ Zn, define i ⊲ j = 2j− i (mod n).
Then ⊲ defines a quandle structure called the dihedral quandle, and denoted by Rn,
that coincides with the set of reflections in the dihedral group with composition given
by conjugation.
• Any groupGwith the quandle operation: a⊲b = ba−1b is a quandle called Core(G).
The notions of quandle homomorphims and automorphisms are clear. Let X be a quandle,
thus the second axiom of Definition 2.1 makes any right multiplication by any element x, Rx :
y 7→ y⊲x, into a bijection . The third axiom of Definition 2.1 makes Rx into a homomorphism
and thus an automorphism. Let Aut(X) denotes the group of all automorphisms of X and
let Inn(X) :=< Rx, x ∈ X > denotes the subgroup generated by right multiplications. The
quandle X is called connected quandle if the group Inn(X) acts transitively on X, that is,
there is only one orbit. Later in the paper, in Section 4, we will use the left multiplication in
a quandle denoted Lx : y 7→ x ⊲ y. In general these maps need not to be bijective. Quandles
in which left multiplications Lx are bijections are called Latin quandles.
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3. POWER ASSOCIATIVITY OF QUANDLE RINGS
In [3], power associativity of dihedral quandles was investigated and the question of de-
termining the conditions under which the quandle ring R[X] is power associative was raised.
In this section we give a complete solution to this question. Precisely, we prove that quandle
rings are never power associative when the quandle is non-trivial and char(k) 6= 2, 3.
But first let’s recall the following definition from [1].
Definition 3.1. A ring k in which every element generates an associative subring is called a
power-associative ring.
Example 3.2. Any alternative algebra is power associative. Recall that an algebraA is called
alternative if x · (x · y) = (x · x) · y and x · (y · y) = (x · y) · y, ∀x, y ∈ A, (for more details
see [12]).
It is well known [1] that a ring k of characteristic zero is power-associative if and only if
(x · x) · x = x · (x · x) and (x · x) · (x · x) = [(x · x) · x] · x, for all x ∈ k.
Remark 3.3. It follows from (II) and (III) of Definition 2.1 that a quandle (X, ⊲) is associative
if and only it it is trivial.
Theorem 3.4. Let k be a ring with char(k) 6= 2, 3 and (X, ⊲) be a non-trivial quandle. Then
the quandle ring k[X] is not power associative.
Proof. Clearly, if (X, ⊲) is associative, then the quandle ring k[X] is power associative. Hence
we assume that (X, ⊲) is not associative (equivalently not trivial, see Remark 3.3). Therefore,
henceforth in the proof we assume (X, ⊲) is a non-trivial quandle.
We prove the following:
(a) If there exist x, y ∈ X such that x 6= y and x ⊲ y = y ⊲ x, then k[X] is not power
associative.
(b) Assume ∀x, y ∈ X such that x 6= y, we have x ⊲ y 6= y ⊲ x. If k[X] is power
associative, then x ⊲ y = x.
Note that (a) and (b) imply that (X, ⊲) is trivial, which contradicts our assumption.
Choose x, y ∈ X such that x 6= y and x ⊲ y = y ⊲ x. Let u = ax + by, where ab 6= 0.
Then
u · u = a2x + 2ab (x ⊲ y) + b2y.
It is straightforward to see that (u · u) · u = u · (u · u). Now we consider (u · u) · (u · u)
and ((u · u) · u) · u. We have
(1) (u ·u) · (u ·u) = xa4+ 4(x ⊲ (x ⊲y))a3b+ 4(y ⊲ (x ⊲y))ab3+ 6(x ⊲y)a2b2+yb4
and
((u · u) · u) · u = xa4 + b4 y+
[
x ⊲ y + (x ⊲ y) ⊲ x + 2[(x ⊲ y) ⊲ x] ⊲ x
]
a3b
+
[
y ⊲ x+ (y ⊲ x) ⊲ y+ 2[(x ⊲ y) ⊲ y] ⊲ y
]
ab3
+
[
(x ⊲ y) ⊲ y+ 2[(x ⊲ y) ⊲ x] ⊲ y + 2[(x ⊲ y) ⊲ y] ⊲ x+ (y ⊲ x) ⊲ x
]
a2b2
(2)
Assume to the contrary that k[X] is power associative. Then (u·u)·(u·u) = ((u·u)·u)·u.
Since char(k) 6= 2, 3, it is direct to check (plugging in different values for a and b) that the
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coefficients (which are the quandle ring elements) of ab3, a3b and a2b2 must be pairwise
equal on both sides of the equality (u · u) · (u · u) = ((u · u) · u) · u. In particular, by
comparing the coefficients of a2b2 in (1) and (2), we get x ⊲ y = (x ⊲ y) ⊲ y, which implies
x = x ⊲ y. Since x ⊲ y = y ⊲ x, x = x ⊲ y implies x = y which contradicts our assumption
that x 6= y. This completes the proof of part (a).
Next we prove part (b). Choose x, y ∈ X such that x 6= y and x ⊲ y 6= y ⊲ x. Let
u = ax+ by, where ab is nonzero. Then
u · u = a2x+ ab (x ⊲ y) + ab(y ⊲ x) + b2y.
Now we consider (u · u) · u and u · (u · u). We have
(u · u) · u = xa3 + yb3 +
[
(x ⊲ y) + (x ⊲ y) ⊲ x + (y ⊲ x) ⊲ x
]
a2b
+
[
(y ⊲ x) + (x ⊲ y) ⊲ y+ (y ⊲ x) ⊲ y
]
ab2
(3)
and
u · (u · u) = xa3 + yb3 +
[
(y ⊲ x) + x ⊲ (x ⊲ y) + x ⊲ (y ⊲ x)
]
a2b
+
[
(x ⊲ y) + y ⊲ (x ⊲ y) + y ⊲ (y ⊲ x)
]
ab2.
(4)
Assume that k[X] is power associative. Then we must have (u ·u) ·u = u · (u ·u). Since
char(k) 6= 2, by setting (3)=(4) and letting a = b = 1 and a = −1, b = 1, we get
x ⊲ y + (x ⊲ y) ⊲ x + (y ⊲ x) ⊲ x = y ⊲ x+ x ⊲ (x ⊲ y) + x ⊲ (y ⊲ x).
Since (x ⊲ y) ⊲ x = x ⊲ (y ⊲ x), the equation becomes
x ⊲ y + (y ⊲ x) ⊲ x = y ⊲ x+ x ⊲ (x ⊲ y).
Since x ⊲ y 6= y ⊲ x, we get x ⊲ (x ⊲ y) = x ⊲ y, which implies x ⊲ y = x. This completes
the proof of part (b).

4. VARIOUS PROPERTIES OF THE QUANDLE RING k[X]
In this section, we investigate different properties of quandle rings.
4.1. Basic properties. The following proposition shows that if the quandle X is a union of
a finite orbit X1 with more than one element and any quandle X2, then the quandle ring k[X]
is not an integral domain.
Proposition 4.1. Let X = X1 ∐ X2 be a quandle with 1 < |X1| < ∞. Then k[X] is not a
domain.
Proof. Indeed, it follows from property (II) of Definition 2.1 that
(
∑
z∈X1
z) · (x− y) = 0,
where x and y are any two distinct elements of X. 
Remark 4.2. If the ring k is a domain and X = {x} is the one element quandle, then k[X] is a
domain as well.
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Question 4.3. Are there any other quandles X, for which k[X] is a domain?
Definition 4.4. Let X = {e1, · · · , en} be a quandle of finite cardinality. We define the order
of an element x ∈ k[X] to be the largest index i that occurs in the expression x =
∑
aiei.
We then have the following proposition that gives the conditions for the quandle ring k[X]
to be both left and right Noetherian.
Proposition 4.5. Let X be a quandle of finite cardinality and k be a Noetherian ring. Then
k[X] is both left and right Noetherian ring.
Proof. Let I ⊂ k[X] be an ideal, Im the subset of elements of order m in I and I˜m ⊂
k the ideal of leading coefficients of elements in Im. Clearly, I = ∪
m
Im, moreover, each
I˜m is finitely generated, since the ring k is Noetherian. Now it is sufficient to verify that
Im is generated by any (fm1, . . . , fmk) ⊂
m
∪
s=1
Is, whose leading coefficients (am1, . . . , amk)
generate
m
∪
s=1
I˜s. This is checked via induction onm. Indeed, let g = αmem+
∑
i≤m−1
aiei ∈ Im
be an element of order m. Then αm =
k∑
i=1
βiami and the element g −
k∑
i=1
βifmi has order
strictly less thanm.

The next example shows that k[X] is neither necessarily a right nor a left Noetherian ring,
if the quandle X is not of finite cardinality.
Example 4.6. Consider the trivial quandle X = X0 ∐X1 ∐X2 ∐X3 ∐ . . . with each Xi = {ei}
consisting of a single element and k a field.
Take the chain I1 ⊂ I2 ⊂ I3 ⊂ . . . with Ij := k〈e1 − e0, e2 − e0, . . . , ej − e0〉. As for any
γ ∈ k[X] and any a ∈ I, where I ⊂ k[X] is the augmentation ideal, we have γ ⊲ a = 0 and
a ⊲ γ = ca for some c ∈ k, each Ij is indeed an ideal and the chain I1 ⊂ I2 ⊂ I3 ⊂ . . .
(considered as left or right or two-sided ideals) does not stabilize.
A similar example shows that the ring k[X] is not necessarily principal, even if the quandle
X is of finite cardinality.
Example 4.7. Consider the trivial quandle X = X1 ∐ X2 ∐ . . . ∐ Xk with each Xi = {ei}
consisting of a single element and let I ⊂ k[X] be the augmentation ideal. For the same
reasons as in the example above, the ideal I can not be generated by a single element if
n ≥ 3.
4.2. Study of ideals in k[X] via groups and semigroups. Let TX stand for the semigroup of
all maps from a finite set X to itself (the full transformation semigroup of X). Representations
of TX were extensively studied by A. H. Clifford (see for example [13]) and are intrinsically
connected to the study of left ideals in k[X] as shown below.
Let X = X1 ∐ X2 ∐ . . . ∐ Xk be the decomposition of a quandle X into orbits. Recall
that any element x ∈ X gives rise to two functions from X to itself given by Lx : X → X
and Rx : X → X (the latter function is a bijection). The left multiplication produces a
map ψ : X → TX. The function Rx : X → X restricts to functions Xi → Xi for any
orbit Xi by definition. This gives rise to the map ϕ : X → Sn, which restricts to the maps
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ϕi : X → Sni , where ni = |Xi| and n = k∑
i=1
ni. The composition of functions Ly ◦ Lx
and Ry ◦ Rx : X → X correspond to the products of the (semi)group elements in the image.
We denote the semigroup generated by the image of ψ(X) by HX ⊂ SX, the semigroup
generated by the image of ϕ(X) by Inn(X) ⊂ SX (this group is known as the group of inner
automorphisms of X (see [9])) and the groups generated by the images of ϕi(X) ⊂ Sni’s by
GXi ⊂ Sni . However, HX is not necessarily a group. For example, if the quandle X contains
a single element orbit {x} then HX contains the map sending all elements of X to x, which is
not invertible.
We denote the underlying k - vector space of k[X] by V . By remarks of the preceding
paragraph to study the right ideals in k[X] is equivalent to viewing V as a representation
of the group Inn(X). Clearly, V =
k
⊕
i=1
V i, where V i = k[Xi], and therefore, one needs to
understand the decompositions of the V i’s into irreducible representations of corresponding
GXi’s. First, notice that each V
i contains a one-dimensional subspace Vtriv := kvtriv invariant
under the action of GXi , where vtriv =
∑
x∈Xi
x.
The following notion of 2-transitivity (and also higher k-transitivity) of quandles was
introduced in [17, 18]. Two-transitive quandles are called two-point homogeneous quandles
in [27].
Definition 4.8. The action of a group (semigroup) G on a set X is called 2-transitive if for
any two pairs (x1, y1) ∈ X × X and (x2, y2) ∈ X × X, there exists an element g ∈ G, such
that g · x1 = x2 and g · y1 = y2.
Definition 4.9. Let X = X1 ∐ X2 ∐ . . .∐ Xk be a finite quandle. X is said to be left (right)
2-transitive if the semigroupHX (the group Inn(X)) acts 2-transitively on X. X is said to be
left (right) orbit 2-transitive if the semigroupHX (each of the groups GXi) acts 2-transitively
on X (orbit Xi).
Let Vst ⊂ V be the subspace orthogonal to the vector vtriv =
∑
x∈Xi
x.
The following theorem gives the list of subgroupsG 6 Sn for which the representation Vst
is irreducible. The first assertion can be found as Theorem 1(b) in [22] and second as (ii)
in the Main Theorem of [4], and the proof and description of groups (i) − (v) can be found
in [23]. The groups (i) − (v) are respectively the affine and projective general semilinear
groups, projective semilinear unitary groups, Suzuki and Ree groups. We refer the reader to
[8, Chapter 7] for definitions of these groups.
Theorem 4.10. (a) If char(k) = 0 then Vst is an irreducible representation of the sub-
group G < Sn if and only if G is 2-transitive and An 6≤ G.
(b) In case char(k) = p > 3 then Vst is an irreducible representation of the subgroup
G < Sn if and only if G is 2-transitive and An 6≤ G except
(i) G 6 AΓL(m,q), and p divides q;
(ii) G 6 PΓL(m,q),m ≥ 3 and p divides q;
(iii) G 6 PΓU(3, q), and p divides q+ 1;
(iv) G 6 Sz(q), and p divides q+ 1+m, wherem2 = 2q;
(v) G 6 Re(q), and p divides (q+ 1)(q+ 1+m), wherem2 = 3q.
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Definition 4.11. Let S be a finite semigroup. If e is an idempotent, then eSe is a monoid
with identity e; its group of units Ge is called the maximal subgroup of S at e.
Corollary 4.12. (1) Let X = X1 ∐ X2 ∐ . . .∐ Xk be a finite quandle with a 2-transitive
action of each GXi on the corresponding orbit Xi and char(k) = 0. Then k[X] ≃
k⊕
i=1
(V ist ⊕ V
i
triv) where the r.h.s. consists of simple right ideals.
(2) Let X = X1 ∐ X2 ∐ . . . ∐ Xk be a finite quandle with a 2-transitive action of each
GXi on the corresponding orbit Xi and GXi’s not among the groups from (i) − (v)
in Theorem 4.10, char(k) = p > 3. Then k[X] ≃
k⊕
i=1
(V ist ⊕ V
i
triv) where the r.h.s.
consists of simple right ideals.
(3) Let X be a finite quandle such that HX ⊂ TX contains a maximal subgroup with a
2-transitive action on X and char(k) = 0. Then k[X] ≃ Vst ⊕ Vtriv where the r.h.s.
consists of simple left ideals.
(4) Let X be a finite quandle such that HX ⊂ TX contains a maximal subgroup with a
2-transitive action on X not among the groups from (i) − (v) in Theorem 4.10 and
char(k) = p > 3. Then k[X] ≃ Vst ⊕ Vtriv where the r.h.s. consists of simple left
ideals.
Definition 4.13. A quandle X is of right (left) cyclic type (or cyclic) if for each x ∈ X the
permutationϕ(x)(or the semigroup element ψ(x)) acts onX\{x} as a cycle of length |X|−1,
where |X| denotes the cardinality of X.
The above discussion motivates to find the conditions on X to be 2-transitive and orbit
2-transitive. The following theorem was obtained in [28] (see Corollary 4 and references
therein).
Theorem 4.14. Every finite right 2-transitive quandle is of right cyclic type.
Remark 4.15. It is also easy to see that if X is of left cyclic type then it is a left 2-transitive
quandle.
The above observations allow to strengthen Corollary 4.12.
Corollary 4.16. (1) Let X = X1∐X2∐. . .∐Xk be a finite quandle with each subquandle
Xi of right cyclic type. Then k[X] ≃
k⊕
i=1
(V ist⊕V
i
triv), where the r.h.s. consists of simple
right ideals.
(2) Let X be a finite quandle of left cyclic type. Then k[X] ≃ Vst ⊕ Vtriv (an equality of
left ideals with the r.h.s. consisting of simple left ideals).
For all quandles with order up to eight, the following chart gives the number of quandles
(up to isomorphism) and their corresponding number of right 2-transitive quandles.
Example 4.17. Consider the dihedral quandle Rn with odd n > 3. This quandle is connected
and the action of Inn(Rn) is not 2-transitive.
The next proposition provides the decomposition of k[Rn] into the sum of simple right
ideals. In the following proposition,Dn denotes the group of symmetries of a regular n-gon.
Proposition 4.18. Fix the ground field k = C,R.
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Order # of quandles # of right 2-transitive quandles # of left 2-transitive quandles
3 3 3 2
4 7 6 3
5 22 16 7
6 73 42 14
7 298 151 39
8 1581 656 105
TABLE 1. Right 2-transitive quandles
(1) Let n be an odd number. Then k[Rn] ≃ Vtriv ⊕
⊕
ξ∈µn
Vξ,ξ where the r.h.s. consists of
simple right ideals and Vξ,ξ are the two-dimensional irreducible representations of
Dn spanned by the eigenvectors for the normal subgroup Zn E Dn with eigenvalues
ξ, ξ.
(2) Let n = 2k be an even number. Then k[Rn] ≃ Vtriv,even ⊕ Vtriv,odd ⊕
⊕
ξ∈µk
V⊕2
ξ,ξ
where
the r.h.s. consists of simple right ideals and Vξ,ξ are the two-dimensional irreducible
representations ofDk spanned by the eigenvectors for the normal subgroupZk E Dk
with eigenvalues ξ, ξ. The representations Vtriv,even and Vtriv,odd are the trivial one-
dimensional representations corresponding to the orbits Xeven and Xodd defined in
the proof below.
Proof. We start with the case of odd n. Notice that Inn(Rn) is a subgroup of Sn isomorphic
to the dihedral groupDn. Moreover, from multiplication table of Rn we notice that multipli-
cation by ei on the right correspond to reflection with respect to the line through the vertex
i and the midpoint of the opposite edge. Thus finding the decomposition of k[Rn] into the
sum of where the r.h.s. consists of simple right ideals is equivalent to decomposing the rep-
resentation V = {v1, . . . vn} given by g · vi = vg·i, where the action on the r.h.s. corresponds
to the action of Inn(Rn) on the ith vertex of a regular n-gon.
Now we consider the case n = 2k. Let Xodd := {ei ∈ X | i is odd} and Xeven := {ei ∈
X | i is even}. Note that X = Xeven ∐ Xodd with |Xeven| = |Xodd| = k and ei ⊲ ej = ei ⊲ ej+k
for any i, j ∈ {1, . . . , n}. The statement for n = 2k follows from the observation that the
dihedral group of order k (generated byϕ(e1), . . . , ϕ(ek) ∈ Sn) acts on each orbit Xeven and
Xodd the same way as described in the case of odd n. 
Remark 4.19. Let X = Conj(G) be the conjugation quandle on a group G, then the problem
of decomposition of k[X] into indecomposable right k[X]-modules is equivalent to decom-
posing k[G] with conjugation action into indecomposable representations. This was studied,
see for example [21, 24, 25].
5. ON ISOMORPHISMS OF QUANDLE RINGS.
In this section, we investigate the problem of isomorphisms of quandle rings. We introduce
the notion of partition-type of quandles and show that if the quandle rings k[X] and k[Y] are
isomorphic and the quandles X and Y are orbit 2-transitive, then X and Y are of the same
partition type. First, we start with the following definition.
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Definition 5.1. Let X be a finite quandle of cardinality n. The partition type of X is λ =
(λ1, . . . , λn) with λj being the number of orbits of cardinality j in X.
Example 5.2. The partition type of the quandle X = {e1, e2}∐ {e3, e4, e5}∐ {e6, e7}∐ {e8} is
λ = 1, 2, 1, 0, 0, . . ..
Theorem 5.3. Assume char(k) 6= 2, 3. If the quandle rings k[X] and k[Y] are isomorphic
and the quandles X and Y are orbit 2-transitive (GXi’s are not among the groups from (i) −
(v) in Theorem 4.10 in case char(k) = p > 3), then X and Y are of the same partition type.
Proof. Let s stand for the number of orbits in X, d for the number of orbits in Y and n
be the number of elements in X (and Y). The partition types of X and Y will be denoted
by λ and µ. The number of elements in Xj will be denoted by nj. Corollary 4.12 implies
k[X] ≃
s⊕
i=1
(V ist⊕V
i
triv) as the sum of right simple ideals, similarly, k[Y] ≃
d⊕
j=1
(Wjst⊕W
j
triv).
Notice that V ist = 0, if |Xi| = 0. The isomorphism ϕ : k[X] → k[Y] induces another
decomposition k[Y] =
s
⊕
j=1
ϕ(V ist) ⊕ ϕ(V
i
triv) with each summand being a simple ideal in
k[Y]. The Krull-Schmidt theorem asserts that the decomposition k[Y] ≃
d⊕
j=1
(Wjst ⊕W
j
triv) is
unique up to permutation of summands, from which we conclude that λ = µ. 
Corollary 5.4. Let X be a quandle of order 3. Then the three quandle rings arising from X
are not pairwise isomorphic.
Corollary 5.5. The ring k[X] with X the trivial quandle is not isomorphic to the quandle
ring of any other orbit 2-transitive quandle.
Remark 5.6. Actually, the ring k[X] with X the trivial quandle is not isomorphic to the quan-
dle ring of any other quandle. Indeed, if ϕ : k[X] → k[Y] is an isomorphism of quandle
rings, it induces an isomorphism of augmentation ideals ϕ˜ : IX → IY . In particular, this
implies that k[X] for the trivial quandle X is not isomorphic to k[Y] for any other quandle Y
as a · IX = 0 for any a ∈ k[X], but this property does not hold in k[Y].
Proposition 5.7. Let k = Zp, where p is prime, and X a quandle of order 3. Then the three
quandle rings arising from X are not pairwise isomorphic.
Proof. We count the number of zero columns in the multiplication table of each quandle ring
and show that they are different, which implies the rings are not isomorphic.
Case 1. Let X be T3, the trivial quandle.
Let αje1+βje2+γje3 be an element ofZp[T3] and consider a11e1+a12e2+a13e3 ∈ Zp[T3].
Then
(αje1 + βje2 + γje3) · (a11e1 + a12e2 + a13e3) = 0 for all j
implies
a11 + a12 + a13 = 0.
So a11 = −a12 − a13. Hence there are p
2 zero columns.
Case 2. Now let X = {1, 2} ∐ {3}, the quandle with two orbits.
Let αje1+βje2+γje3 be an element of Zp[X] and consider a11e1+a12e2+a13e3 ∈ Zp[X].
Then
(αje1 + βje2 + γje3) · (a11e1 + a12e2 + a13e3) = 0 for all j
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implies
γj(a11 + a12 + a13) = 0,
αj(a11 + a12)e1 + αja13e2 = 0,
and
βj(a11 + a12)e2 + βja13e1 = 0.
Hence we have a13 = 0 and a11 = −a12 which implies there are p number of zero
columns.
Case 3. Now X = R3, the Takasaki quandle.
Letαje1+βje2+γje3 be an element ofZp[R3] and consider a11e1+a12e2+a13e3 ∈ Zp[R3].
Then
(αje1 + βje2 + γje3) · (a11e1 + a12e2 + a13e3) = 0 for all j,
implies
αj(a11e1 + a12e3 + a13e2) = 0
βj(a11e3 + a12e2 + a13e1) = 0
γj(a11e2 + a12e1 + a13e3) = 0
for all j.
Since the system
a11e1 + a12e3 + a13e2 = 0
a11e3 + a12e2 + a13e1 = 0
a11e2 + a12e1 + a13e3 = 0
is consistent, there is only one solution which is a11 = a12 = a13 = 0. Thus there is only
one zero column. 
Remark 5.8. Note that Corollary 5.4 works for all characteristic but 2 and 3, whereas Propo-
sition 5.7 works for all prime characteristic.
Next we provide two examples, when the quandle rings k[X] and k[Y] are isomorphic, but
the quandles X and Y are not, answering Question 7.4 of [3].
Example 5.9. Let k be a field with char(k) = 3 and quandles X and Y be of cardinality 4
with multiplication tables as below.
(X, ⊲) =
⊲ e1 e2 e3 e4
e1 e1 e1 e2 e2
e2 e2 e2 e1 e1
e3 e3 e3 e3 e3
e4 e4 e4 e4 e4
and (Y, ⊲) =
⊲ e ′1 e
′
2 e
′
3 e
′
4
e ′1 e
′
1 e
′
1 e
′
2 e
′
1
e ′2 e
′
2 e
′
2 e
′
1 e
′
2
e ′3 e
′
3 e
′
3 e
′
3 e
′
3
e ′4 e
′
4 e
′
4 e
′
4 e
′
4
The isomorphism is given by ϕ : k[X]
∼→ k[Y], where ϕ =


1 0 0 1
0 1 0 1
0 0 1 1
0 0 0 1

.
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Generalizing Example 5.9, we consider X˜ = X ∐ {e5} ∐ {e6} ∐ . . . ∐ {en} and Y˜ = Y ∐
{e5} ∐ {e6} ∐ . . .∐ {en}. Clearly the quandles X˜ and Y˜ are not isomorphic. Let k be a field
with char(k) = p with p | n− 1. Then ϕ : k[X]
∼→ k[Y] given by ϕ(ei) = e ′i for i 6= 4 and
ϕ(e4) =
n∑
j=1
e ′j is a ring isomorphism.
Example 5.10. Let k be a field with char(k) = 0 and quandles X and Y be of cardinality 7
with multiplication tables as below.
(X, ⊲) =
⊲ e1 e2 e3 e4 e5 e6 e7
e1 e1 e1 e1 e1 e2 e2 e1
e2 e2 e2 e2 e2 e1 e1 e2
e3 e3 e3 e3 e3 e3 e4 e3
e4 e4 e4 e4 e4 e4 e3 e4
e5 e5 e5 e5 e5 e5 e5 e5
e6 e6 e6 e6 e6 e6 e6 e6
e7 e7 e7 e7 e7 e7 e7 e7
and (Y, ⊲) =
⊲ e1 e2 e3 e4 e5 e6 e7
e1 e1 e1 e1 e1 e2 e1 e1
e2 e2 e2 e2 e2 e1 e2 e2
e3 e3 e3 e3 e3 e3 e4 e3
e4 e4 e4 e4 e4 e4 e3 e4
e5 e5 e5 e5 e5 e5 e5 e5
e6 e6 e6 e6 e6 e6 e6 e6
e7 e7 e7 e7 e7 e7 e7 e7
One family of isomorphisms is given by ϕ : k[X]
∼→ k[Y], where
ϕ =


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 1 0
0 0 0 0 0 1 0
0 0 0 0 0 −1 1


.
This example can be generalized. The following definition and proposition can be found
in Section 2 of [20].
Definition 5.11. Let Q be a finite quandle. For any element x ∈ Q, let c(x) = |{y ∈ Q :
y ⊲ x = y}| and let r(x) = |{y ∈ Q : x ⊲ y = x}| . Then we define the quandle polynomial of
Q, qpQ(s, t), to be qpQ(s, t) :=
∑
x∈Q
sr(x)tc(x).
Proposition 5.12. IfQ andQ ′ are isomorphic finite quandles, then qpQ(s, t) = qpQ ′(s, t).
In particular, for the quandles X and Y from Example 5.10, we have qpX(s, t) = s
7(t7 +
t5+t3)+2s6t7+2s5t7 and qpY(s, t) = t
7(4s6+s7)+2t5s7, confirming that the two quandles
are not isomorphic. Let Z be any finite quandle, consider the quandles X∐Z and Y∐Z with
the operations x1 ⊲ x2, y1 ⊲ y2 and z1 ⊲ z2 replicating the ones in X, Y and Z respectively,
while x ⊲ z = x, z ⊲ x = z and y ⊲ z = y, z ⊲ y = z for any x, x1, x2 ∈ X, y, y1, y2 ∈ Y
and z, z1, z2 ∈ Z. It is easy to see that qpX∐Z(s, t) 6= qpY∐Z(s, t), so, it follows from
Proposition 5.12 that X∐Z and Y∐Z are not isomorphic. However, there are isomorphisms
k[X∐Z]
∼→ k[Y ∐ Z] given by the operators written in block form as ϕ|k[X]→k[Y], Id|k[Z]→k[Z]
and 0 on the remaining two blocks for ϕ from Example 5.10.
These examples give negative answers to both Questions 7.4 and 7.5 proposed in [3].
Indeed, it is not hard to see that Example 5.9 provides a negative answer to Question 7.5.
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Let I ⊂ X and I˜ ⊂ Y be the augmentation ideals. Then I≥2 = I˜≥2 = (e1 − e2), hence,
Ik/Ik+1 = I˜k/I˜k+1 = 0 for k ≥ 2. Also, I0/I1 ∼= I˜0/I˜1 and I1/I2 ∼= I˜1/I˜2 are 1-dimensional
and 2-dimensional vector spaces over k. Indeed, let I ⊂ X and I˜ ⊂ Y be the augmentation
ideals. Then I≥2 = I˜≥2 = (e1 − e2), hence, I
k/Ik+1 = I˜k/I˜k+1 = 0 for k ≥ 2. Also,
I0/I1 ∼= I˜0/I˜1 and I1/I2 ∼= I˜1/I˜2 are 1-dimensional and 2-dimensional vector spaces over k.
5.1. Parameter spaces for quandle ring morphisms. Let k[X] and k[Y] be two quandle
rings with |X| = |Y| = n. Then ϕ =


a11 . . . an1
...
. . .
...
a1n . . . ann

 defines a map k[X] → k[Y] if
ϕ(eiej) = ϕ(ei)ϕ(ej) for all i, j ∈ {1, . . . , n}. This in turn produces n
3 quadratic equations
in the n2-dimensional vector space of parameters (aij’s). Furthermore, ϕ is an isomorphism
if the corresponding matrix is of full rank. We provide one possible application.
Example 5.13. Let X1, X2 and X3 be quandles of cardinality one. We show that the rings
k[X1] ⊕ k[X2] ⊕ k[X3] and k[X1 ∐ X2 ∐ X3] are not isomorphic. Indeed the conditions
ϕ2(ei) = ϕ(ei) and ϕ(eiej) = ϕ(ei)ϕ(ej) = 0 give rise to the equations
a11 = a11(a11 + a12 + a13)
a12 = a12(a11 + a12 + a13)
a13 = a13(a11 + a12 + a13)
,

a21 = a21(a21 + a22 + a23)
a22 = a22(a21 + a22 + a23)
a23 = a23(a21 + a22 + a23)
,

a31 = a31(a31 + a32 + a33)
a32 = a32(a31 + a32 + a33)
a33 = a33(a31 + a32 + a33)
,

0 = a11(a21 + a22 + a23)
0 = a12(a21 + a22 + a23)
0 = a13(a21 + a22 + a23)
, . . .
We show that the system is already inconsistent. As rk(ϕ) = 3, to satisfy the first nine
equations, we must have a11+a12+a13 = a21+a22+a23 = a31+a32+a33 = 1, however,
this leaves the only possibility a11 = a12 = a13 = 0 for the remaining three equations, which
contradicts the assumption on the rank of ϕ.
6. A PROOF OF CONJECTURE 6.5 IN [3]
The goal of this section is to give a solution to conjecture 6.5 in [3] concerning the quotient
of the powers of the augmentation ideal of the quandle ring of dihedral quandles.
In this Section, we confirm one of the conjectures suggested in [3] and present the progress
of another conjecture. First we state the conjecture as presented in [3].
Conjecture 6.1. Let Rn be the dihedral quandle.
(1) If n > 1 is an odd integer, then ∆k(Rn)/∆
k+1(Rn) ∼= Zn for all k ≥ 1.
(2) If n > 2 is an even integer, then |∆k(Rn)/∆
k+1(Rn)| = n for all k ≥ 2.
We prove the first part of the above conjecture. We slightly abuse the notation and write
ei for [ei].
Theorem 6.2. Let n be odd. Then ∆k(Rn)/∆
k+1(Rn) ∼= Zn for all k ≥ 1.
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Proof. We prove the result by induction on k. First we show that ∆(Rn)/∆
2(Rn) is generated
as an abelian group by e1 and∆(Rn)/∆
2(Rn) ∼= Zn. Consider the integral quandle ring of the
dihedral quandle Rn = {a0, a1, a2, . . . , an−1}. Let e1 = a1 − a0, e2 = a2 − a0, . . . , en−1 =
an−1 − a0. Then ∆(Rn) = 〈e1, e2, . . . , en−1〉. The abelian group ∆
2(Rn) is generated by the
products ei ⊲ ej.
It is clear that e2i = −en−2i, where 1 ≤ i ≤
n−1
2
. In particular, when i = n−1
2
we have
e1 = −en−1. Since e1 = −en−1, we have the following.
e1 ⊲ e1 = 0 implies e2 = 2e1, and
en−1 ⊲ e1 = 0 implies e3 = 3e1.
Continuing in this manner in the first column from bottom to top, we get ne1 = 0. Hence
∆/∆2(Rn) is generated as an abelian group by e1 and ∆(Rn)/∆
2(Rn) ∼= Zn.
Now assume that ∆k(Rn)/∆
k+1(Rn) ∼= Zn. We show that ∆
k+1(Rn)/∆
k+2(Rn) ∼= Zn.
Let [α] be a generator of∆k(Rn)/∆
k+1(Rn), i.e. ∆
k(Rn)/∆
k+1(Rn) = {α, 2α, 3α, . . . , (n−
1)α, nα}. Note that the elements eiα, where 1 ≤ i ≤ n − 1, generate ∆
k+1(Rn)/∆
k+2(Rn).
Since ek = ke1 for 1 ≤ k ≤ n − 1, the above set is generated by e1α. Recall that ne1 = 0.
Thus we have
∆k+1(Rn)/∆
k+2(Rn) ∼= Zn.

Now we present a generalization of [3, Proposition 6.3 (1)] where n > 2 is even. We will
use the following equation (see (7) in Case 2 in appendix) in the proof of Theorem 6.3.
(5) ei ⊲ e1 = −e2 − en−i + en−i+2, for 3 ≤ i ≤ n− 3.
Theorem 6.3. Let n = 2k for some positive integer k. Then ∆(Rn)/∆
2(Rn) ∼= Z⊕ Zk.
Proof. We adhere to the following strategy:
(1) Show that ∆(Rn)/∆
2(Rn) is generated by the classes of e1 and e2
(2) Verify that e2s = se2 for 2 ≤ s ≤ k − 1. It follows that the abelian subgroup
generated by e2 is Zk.
(3) Check that the abelian subgroup generated by e1 has no torsion.
First we show that (1) holds. For this we claim that
(6) el =
{
l
2
e2 if l is even,
⌊ l
2
⌋ e2 + e1 if l is odd.
Let l > 3 be even. We prove by induction on l.
Let l = 4. Then we have e4 = 2e2 which is true since 0 = en−2 ⊲e1 = −2e2+e4. Assume
that it is true for l and consider l+ 1. Let i = n− l in (5) (consider the first column in table
similarly in the case n ≡ 0 (mod 4)).
Then we have
en−l ⊲ e1 = −e2 − el + el+2.
en−l ⊲ e1 = 0 implies el+2 = el + e2. From inductive assumption we have
el+2 =
l
2
e2 + e2 =
(
l + 2
2
)
e2.
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Let l be odd. The by Division Algorithm we have
l = ⌊
l
2
⌋ 2+ 1,
which implies l − 1 is even. Then we have el−1 = e⌊ l
2
⌋ ·2 = ⌊
l
2
⌋ e2.
We show that for 3 ≤ l ≤ n− 1 we have
el = el−1 + e1
by induction on l.
When l = 3, we have e3 = e2+e1 which is true since 0 = en−1 ⊲ e1 = −e1−e2+e3 = 0.
Assume that it is true for l. When l + 2, let i = n − l in (5) (consider the first column in
table similarly in the case n ≡ 0 (mod 4)).
Then we have
en−l ⊲ e1 = −e2 − el + el+2.
en−l ⊲ e1 = 0 implies el+2 = el + e2. From inductive assumption we have
el+2 = el−1 + e1 + e2 =
(
l − 1
2
)
e2 + e1 + e2 =
(
l + 1
2
)
e2 + e1 = ⌊
l + 2
2
⌋ e2 + e1.
This completes the claim. Now consider
ei ⊲ ej = (ai − a0)(aj − a0) = a2j−i − an−i − a2j + a0 = −e2j−i + en−i + e2j.
Using the above claim we show that ∆2(Rn), which consists of ei ⊲ ej, for all 1 ≤ i, j ≤
n− 1, is generated by relations from (6). This proves that the abelian group generated by e1
is torsion free.
Let i be even.
ei ⊲ ej = −e2j−i + en−i + e2j
= −
(
2j− i
2
)
e2 +
(
n − i
2
)
e2 +
(
2j
2
)
e2
=
n
2
e2
= ke2
= 0.
Now let i be odd.
ei ⊲ ej = −e2j−i + en−i + e2j
= −⌊
2j − i
2
⌋ e2 − e1 + ⌊
n − i
2
⌋ e2 + e1 +
(
2j
2
)
e2
= −⌊
2j − i
2
⌋ e2 + ⌊
n− i
2
⌋ e2 + j e2
= −
(
2j− i− 1
2
)
e2 +
(
n− i− 1
2
)
e2 + j e2
=
n
2
e2
= ke2
= 0.
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Therefore we have
∆(Rn)/∆
2(Rn) ∼= Z⊕ Zk.

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APPENDIX
Here we present some patterns in multiplication tables for ∆(Rn) considering two cases:
n ≡ 0 (mod 4) and n ≡ 2 (mod 4). We also give two examples to elaborate following
equations.
Case 1. n ≡ 0 (mod 4).
Consider the integral quandle ring of the dihedral quandle Rn = {a0, a1, a2, . . . , an−1}.
Let e1 = a1 − a0, e2 = a2 − a0, . . . , en−1 = an−1 − a0. Then ∆(Rn) = 〈e1, e2, . . . , en−1〉.
To determine ∆2(Rn), we compute the products ei ⊲ ej. Then we have the following.
e2i ⊲ ei = −e2i − en−2i, for 1 ≤ i ≤
n
4
en−2i ⊲ ei = −2e2i + e4i, for 1 ≤ i ≤
n
4
− 1
e2i ⊲ en
2
−i = en−4i − 2en−2i, for 1 ≤ i ≤
n
4
− 1
ei ⊲ en
4
= −en−i − en
2
+ en
2
+n−i, for
n
2
+ 1 ≤ i ≤ n− 1
ei ⊲ en
4
= en
2
−i − en
2
− en−i, for 1 ≤ i ≤
n
2
− 1
ei ⊲ en
2
= 0, for all i.
We give an example when n = 8.
· e1 e2 e3 e4 e5 e6 e7
e1 e3 − e4 − e7 0
e2 −e2 − e6 e2 − e4 − e6 e4 − 2e6 0 −e2 − e6 e4 − 2e6
e3 e1 − e4 − e5 0
e4 −2e4 0 −2e4
e5 −e3 − e4 + e7 0
e6 −2e2 + e4 −e2 − e4 + e6 −e2 − e6 0 −2e2 + e4 −e2 − e6
e7 −e1 − e4 + e5 0
Note that i-th column = (n
2
+ i)th column.
Case 2. n ≡ 2 (mod 4).
Similar computations to Case 1 yield the following.
e2i ⊲ ei = −e2i − en−2i, for 1 ≤ i ≤ ⌊
n
4
⌋
en−2i ⊲ ei = −2e2i + e4i, for 1 ≤ i ≤ ⌊
n
4
⌋
e2i ⊲ en
2
−i = en−4i − 2en−2i, for 1 ≤ i ≤ ⌊
n
4
⌋
ei ⊲ en
2
= 0, for all i
e1 ⊲ e1 = e1 − e2 − en−1
en−1 ⊲ e1 = −e1 − e2 + e3
(7) ei ⊲ e1 = −e2 − en−i + en−i+2, for 3 ≤ i ≤ n− 3.
We give an example when n = 10.
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· e1 e2 e3 e4 e5 e6 e7 e8 e9
e1 e1 − e2 − e9 0
e2 −e2 − e8 e6 − 2e8 0 −e2 − e8 e6 − 2e8
e3 −e2 − e7 + e9 0
e4 −e2 − e6 + e8 −e4 − e6 e2 − 2e6 0 −e4 − e6 e2 − 2e6
e5 −e2 − e5 + e7 0
e6 −e2 − e4 + e6 −2e4 + e8 −e4 − e6 0 −2e4 + e8 −e4 − e6
e7 −e2 − e3 + e5 0
e8 −2e2 + e4 −e2 − e8 0 −2e2 + e4 −e2 − e8
e9 −e1 − e2 + e3 0
Note that i-th column = (n
2
+ i)th column.
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